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Abstract. We present a novel progressive framework for blind image restoration. Common blind restoration schemes first estimate the
blur kernel, then employ non-blind deblurring. However, despite recent
progress, the accuracy of PSF estimation is limited. Furthermore, the
outcome of non-blind deblurring is highly sensitive to errors in the assumed PSF. Therefore, high quality blind deblurring has remained a
major challenge. In this work, we combine state of the art regularizers
for the image and the PSF, namely the Mumford & Shah piecewisesmooth image model and the sparse PSF prior. Previous works that
used Mumford & Shah image regularization were either limited to nonblind deblurring or semi-blind deblurring assuming a parametric kernel
known up to an unknown parameter. We suggest an iterative progressive restoration scheme, in which the imperfectly deblurred output of the
current iteration is fed back as input to the next iteration. The kernel
representing the residual blur is then estimated, and used to drive the
non-blind restoration component, leading to finer deblurring. Experimental results demonstrate rapid convergence, and excellent performance on
a wide variety of blurred images.
Keywords: progressive blind restoration, residual blur removal, image
deblurring, piecewise-smooth image model, Mumford & Shah regularization, sparse PSF prior
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Introduction

Image deblurring algorithms can be classified as non-blind or blind, depending on whether the blur kernel is assumed to be known or unknown. Even the
milder non-blind image deblurring problem is notoriously hard, as it is essentially ill-posed. Classic approaches for non-blind deblurring, notably the Wiener
filter [15], implicitly regularize the problem by imposing an image-smoothness
prior. In the last decade or so, substantial progress has been achieved by incorporating more realistic image priors, requiring sophisticated algorithms and
numerical techniques to solve the resulting optimization problems. Notably, the
Mumford & Shah image prior (originally introduced for image segmentation [14])
favors piecewise-smooth image structure, preserving edges rather than smoothing them. Bar et al [4] developed a non-blind deblurring algorithm using the
Mumford & Shah image prior. Their method relies on the Γ -convergence approach [3] and on advanced numerical techniques to minimize the non-trivial

free-discontinuity objective functional. As long as the blur kernel is known, the
non-blind deblurring algorithm of Bar et al yields state of the art results, and
can be computed in real time using a PC-type GPU [18].
In blind deblurring, the unknown blur kernel adds another layer of ambiguity
to the already difficult non-blind problem. For decades, the blind deblurring
problem was considered quite hopeless. Bar et al [7], followed by [5], settled
for semi-blind deblurring, limited to estimating an unknown parameter of an
otherwise specified family of blur kernels (e.g., variance in the case of Gaussian
blur). However, practical applications of semi-blind deblurring are limited, since
physical blur kernels seldom conform with common theoretical blur models, and
deblurring algorithms are sensitive to deviations from the assumed blur kernel.
Recently, there has been a new wave of blind deconvolution methods, employing powerful PSF priors [2, 6, 1, 11, 17]. While there have been significant
advances in the field, the blind deconvolution problem is far from solved. Due
to the sensitivity to blur-kernel estimation errors, non-blind methods usually
outperform blind methods when the correct blur kernel is known. Various realworld applications still rely on manual tuning of the assumed blur kernel within
a non-blind framework, e.g. [9].
We present a blind image deblurring algorithm employing the powerful Mumford & Shah image prior and a sparse PSF prior. The problem is cast in a coarseto-fine progressive framework which inherits the elegance and sophistication of
the Mumford & Shah image model, and addresses the residual image blur associated with blur-kernel estimation errors. Iterative reduction of the residual blur
relaxes the accuracy requirements from the blur estimation component, reduces
the need for parameter tuning, and leads the residual blur kernel to approach
an impulse function. Experimental results demonstrate the applicability of the
suggested approach to a wide range of deblurring challenges.

2
2.1

Variational Elements
Fundamentals

The standard blurred image formation model is
g =u∗h+n

(1)

where g, u, h, and n denote the blurred image, latent image, blur kernel, and
random additive noise, respectively. Image deblurring is the recovery of the latent
image u given the blurred image g. Depending on whether the blur kernel h
is known or unknown, deblurring methods are classified as either non-blind or
blind. In practice, when using non-blind methods, the blur kernel must usually be
estimated using side information regarding the imaging process, or by a manual
trial-and-error procedure. Even in the non-blind scenario, image deblurring is an
ill-posed problem, requiring regularization using a-priori assumptions regarding
image structure. The deblurring problem is often formulated as a functional
minimization problem, which in the non-blind case takes the form

Fnb = S(u, h, g) + Q(u)

(2)

where Fnb is the (non-blind) objective functional, S(u, h, g) is a fidelity term that
reflects the assumed noise distribution, and Q(u) is the regularization term, i.e.,
the image prior.
In blind methods, the blur kernel is unknown; thus, both the latent image
and the blur kernel need to be recovered from the given blurred image. With
an unknown blur kernel, blind image restoration is an extremely difficult, highly
ill-posed problem. There have been several attempts, e.g. [19, 20], to incorporate
a PSF prior in the form of an additional kernel regularization term:
Fb = S(u, h, g) + Q(u) + R(h)

(3)

where Fb is the (blind) objective functional and R(h) is the blur-kernel prior. In
principle, this functional leads to Euler-Lagrange equations that can be solved
by alternate minimization. In practice, success has been rather limited. It has
been argued [17] that independent PSF estimation should precede a non-blind
deblurring phase. The progressive deblurring strategy suggested in this paper
diverges from both previous approaches. The deblurred outcome of the current
two-stage (PSF estimation + non-blind deblurring) iteration is fed back as input
to the next iteration, rapidly eliminating the residual blur. We proceed to specify
the fidelity and regularization terms used in the PSF estimation and deblurring
components of this work.
2.2

Image Terms

The fidelity term used in this work is the standard L2 -norm
Z
1
(h ∗ u − g)2 dA
S(u, h, g) =
2 Ω

(4)

that reflects the ubiquitous Gaussian noise assumption.
The image prior is adapted from the Mumford & Shah segmentation functional (5), favoring piecewise-smooth image structure. This model holds for most
natural images, with the exception of extremely textured images (where the
piecewise-smooth model can be applied to texture feature maps). The Mumford
& Shah segmentation functional (FM S ) is given by
Z
Z
Z
1
FM S (u, K) =
(u − g)2 dA + β
|∇u|2 dA + α
dσ
(5)
2 Ω
Ω/K
K
where Ω is the image domain, K is the edge set, and α, β are positive regularization constants. Minimizing this functional is challenging, and had been an
open problem for many years, especially since the unknown edge set K appears
not only in the integrand but also in the integration domain.
Ambrosio and Tororelli [3] addressed this problem via the Γ -convergence
framework. The irregular functional FM S (u, K) is approximated by a sequence

of regular functionals F (u) such that FM S (u, K) = lim→0 F (u). The edge set
K is represented by a characteristic function (1 − xK ) which is approximated by
a smooth auxiliary function v(x), i.e., v(x) ≈ 0 if x ∈ K, and v(x) ≈ 1 otherwise
(not on the edges). Therefore, the functional becomes

F (u, v) =

Z

1
2

(u − g)2 dA + β

Z

Ω

v 2 |∇u|2 dA + α

Z 

Ω

|∇v|2 +

Ω

(v − 1)2
4


dA

(6)
which can be solved using sophisticated numerical methods.
Bar et al [7, 4] demonstrated that image restoration and segmentation are
tightly coupled tasks, and used the Mumford & Shah piecewise-smoothness terms
in their Γ -convergence formulation to regularize the image deblurring problem.
In the non-blind case, Bar et al minimized the functional

F (u, v) =

1
2

Z

(h ∗ u − g)2 dA + β

Ω

Z

v 2 |∇u|2 dA + α

Ω

Z 

|∇v|2 +

Ω

(v − 1)2
4


dA
(7)

where

Z
Q (u, v) ≡ β

v 2 |∇u|2 dA + α

Z 

|∇v|2 +

Ω

(v − 1)
4


2
dA

(8)

are the image regularization terms. Gildenblat [18] has shown that this elaborate
functional can be efficiently minimized using GPU architecture, approaching
real-time computation on low-cost hardware.
2.3

Sparse PSF Prior

The design of PSF priors for blur identification and blind restoration has attracted substantial attention in recent years [1, 6, 11, 2, 16, 17], leading to performance breakthroughs. Following Kotera et al [1], we model the blur with a
Laplace distribution on the positive PSF values, leading to the sparse prior
(

Z
R(h) =

Ψ (h(x, y))dA,
Ω

3
3.1

Ψ (h(x, y)) =

h(x, y), if h(x, y) ≥ 0
∞,
otherwise

(9)

Algorithm
Strategy

The proposed algorithm is an iterative process alternating between two steps.
The first step consists of estimating the blur kernel h as suggested by Kotera
et al, also disregarding the u solution. In the second step, given the current
estimate of h, the latent image u and edge-map v are estimated by minimizing
the non-blind functional (7).

Due to kernel estimation errors, residual blur is present after the non-blind
deconvolution step. We progressively remove this residual blur, by iteratively
feeding the residually-blurred image back into the system. Convergence is quick
(after 1-3 iterations), and the estimated residual blur kernel approaches an impulse function, indicating that recovery of the latent image u has been finalized.
3.2

Solving for h

Estimating h within a MAP framework approaches the true blur kernel solution
(given enough measurements in g and u) [17]. Therefore, we adopt a MAP approach to exploit the asymmetry between the dimensionality of the latent image
u and the small (relative to u) blur kernel h. Refer to the functional minimized
by Kotera et al [1]
Z
Z
1
(h ∗ u − g)2 dA + Q(u) +
Ψ (h(x, y))dA
(10)
L(u, h) =
2 Ω
Ω
where Q(u) corresponds to their gradient-based image prior. When minimizing
with respect to h, the image prior Q(u) vanishes, resulting in the functional
1
min ||hu − g||2 + R(h).
(11)
h 2
Kotera et al minimized this functional using the augmented Lagrangian
method. A new function h̃ = h is introduced to separate the minimization of the
data term and the PSF regularizer, leading to
γ
min ||hU − g||2 + R(h̃)
h,h̃ 2

s.t.

h = h̃

(12)

where γ is a positive constant and U is a (fixed) convolutional operator constructed from u. The augmented Lagrangian method adds to the Lagrangian a
quadratic penalty term for each constraint, such that the new functional we wish
to minimize (after rearranging) becomes
γ
ζ
min ||hU − g||2 + R(h̃) + ||h − h̃ − ah ||2
2
2
h,h̃

(13)

where ah is proportional to the estimate of the Lagrange multiplier of the above
constraint in (12). This function can be minimized using coordinate descent (for
additional details see Kotera et al [1]).
3.3

Solving for u and v

The objective functional (7) is strictly convex and lower-bounded with respect
to either u or v when the other is held constant along with the PSF (h) from the
previous step. Note that this convexity property holds for general blur kernels
(not necessarily limited to a parametric model). The Euler-Lagrange equations
for v and u are

Fv = 2βv|∇u|2 + α ·

v−1
− 2α∇2 v = 0
2

Fu = (h ∗ f − g) ∗ h(−x, −y) − 2βDiv (v 2 ∇u) = 0.

(14)
(15)

The objective functional is iteratively minimized by solving these equations
with the Neumann boundary conditions [7].

4

Experiments

The top left image in Figure 1 is Lena, synthetically blurred with a Gaussian
kernel. The blind deblurring results obtained using the algorithms of Kotera et

Fig. 1: Top left: blurred image. Top right: blind deconvolution using Kotera et al [1].
Bottom left: blind deconvolution using Shan et al [6]. Bottom Right: our blind restoration result.

Fig. 2: Zoom in of Figure 1. Top left: blurred image. Top right: blind deconvolution
using Kotera et al [1]. Bottom left: blind deconvolution using Shan et al [6]. Bottom
Right: our blind restoration result. Notice the differences in the right pupil.

al [1] and Shan et al [6] are respectively shown in the top right and the bottom
left. Our result is shown in the bottom right. While all three results are adequate,
our result appears to be the best, as can be seen in Figure 2, for example near
the right pupil.
The recovery of a high-quality still image from a video sequence of a static
scene imaged through atmospheric turbulence is a notoriously difficult problem.
Certain methods apply non-rigid registration to each frame and average the
results. The outcome is a blurred average image that is commonly modeled as
a latent image blurred by a space-invariant Gaussian kernel. The average image
is restored using a deblurring algorithm, see e.g., [9]. The top row in Figure 3
shows three such average images. The middle row is the result of non-blind
deconvolution using manually optimized Gaussian blur kernels [9]. The bottom
row presents our blind deconvolution result. It can be seen that the blind results
are on par with the manual, painstakingly optimized non-blind reconstructions.
Figures 4 and 5 show blind deblurring of pictures taken using a smartphone
with incorrect focus settings and motion blur.
The left column in Figure 6 shows three heavily blurred images, with the true
blur kernel shown below each image. The right column is the outcome of the
suggested progressive blind restoration algorithm. Below each of the recovered
images, we show the estiamted blur in the first iteration and the residual blur
estimated in the second iteration.
Running time for a 255×255 image on a 3.40Ghz Intel quadcore machine using
unoptimized MATLAB is approximately 20 seconds. The algorithm converges in
one to three iterations, depending on the accuracy of the initial blur kernel
estimation.

Fig. 3: First row: average of a video sequence following non-rigid registration [9]. Second row: manually-optimized non-blind deconvolution result [9] (non-blind). Third row:
deconvolution using the proposed blind deconvolution method. Left column: video sequence courtesy of Mahpod and Yitzhaky [12]. Right column: video sequence courtesy
of Oreifej [13].

5

Conclusions

Iterative algorithms for concurrent blur estimation and image restoration,
e.g., [19, 20] are mathematically elegant but lead to questionable results. Following the observations of [17], sequential blind restoration is often preferred,
meaning that the blur kernel is estimated first, then non-blind deblurring is applied. This approach is followed, for example, in the state of the art algorithm of
Kotera at [1]. However, PSF estimation errors are inevitable, and image restoration is sensitive to these errors, limiting performance. We suggest an iterative
blind deblurring approach, where PSF estimation and image deblurring are decoupled within each iteration, but the deblurred outcome of each iteration is
fed back as the input image to the next iteration. This leads to progressive
elimination of the residual blur.
The proposed blind image restoration method incorporates the Mumford &
Shah piecewise-smooth image model with a sparse PSF prior. We have thus
reached a goal that Bar et al [7] and others [5] have not been able to accom-

Fig. 4: Top row: blurred image. Second row: proposed blind deconvolution method.
Third row: enlarged blurred patches. Fourth row: recovered sharp patches.

Fig. 5: Top row: blurred image. Second row: proposed blind deconvolution method.
Third row: enlarged blurred patches. Fourth row: recovered sharp patches.

Fig. 6: Left column: blurred images. The true blur kernel is shown below each image.
Right column: Our blind deconvolution result. The blur kernel estimated in the first
iteration and the residual blur estimated in the second iteration are shown below each
image. Dataset courtesy of [17].

plish. Successful results on a variety of challenging test cases demonstrate the
robustness and visual quality of the suggested approach.
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